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Abstract — The main focus of this article is modeling, simulation and control of the mobile
robot with differential chassis. The article presents a mathematical model of the robot with
a differential chassis, which consists of kinematic model, dynamic model and the internal
feedback control loop to suppress the influences of dynamics. The dynamic model of the
robot includes the mass and moment of inertia for each part of the robot. Model is validated
in posture control structure. The simulation model of the robot with differential chassis
and control algorithm are implemented in simulation environment Simulink.

Keywords — mathematical modeling, simulation, mobile robot with differential wheeled
chassis, control algorithm to posture, Simulink.

I. INTRODUCTION

In recent years, the robotics and control of robotic systems is still an actual theme. In past,
the static robots were used mostly in industrial tasks as manipulators, but the mobile robots
were almost exclusively applied in research. But today, the mobile robots are gaining popularity
common users, as can be seen in our households. The automatic vacuum cleaner or lawn movers,
that use differential chassis concept are quite common now. Based on the assumptions that the
robot has a non-zero mass and moment of inertia [1] [2], we can obtain the mathematical model
of the mobile robot. Usually, the implemented control algorithm uses this model to complete its
defined task. In presented case, the task for the mobile robot is get to a point with the desired
orientation angle - to posture [3]. This article is output of bachelor thesis, which title is "Modeling,
simulation and control of the two-wheel mobile robot" [4].

II. MATHEMATICAL MODEL OF THE ROBOT WITH DIFFERENTIAL WHEELED CHASSIS

The mathematical model of the robot with differential wheeled chassis describes the behaviour
of the mobile robot in the plane [5].

axis Y

axis X

Fig. 1 Schematic illustration of the mobile robot

The model inputs are angular velocities of the right and left wheel wgr, wy. Based on the
angular velocities, the posture of the robot is calculated as x and y position coordinates together
with an orientation angle the mobile robot . To create a simulation model of mobile robot that
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can be represented by scheme depicted on fig. 2, we require both kinematic and dynamic models
of the mobile robot along with the internal feedback control loop which can suppress the influence
of dynamics.

X
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Fig. 2 Simulation scheme of mathematical model of mobile robot

A. Kinematic model of the mobile robot

Based on the assumption that the robot’s wheels cannot move to side ensuring that the velocity
in Y axis of robot’ local coordinate system is zero v, = 0, the kinematic model of the robot can
be obtained from geometric properties of the reference point movement in plane. The movement
of the robot in the direction of it’s X axis is the robot’s overall linear velocity v. The situation is
described on fig. 3. Robot’s posture in the plane is described = and y coordinate together with
an orientation angle . [6]

axis Y

X
w L

axis X

Fig. 3 Schematic illustration of the robot in the plane

The kinematic model of the robot with differential chassis can be written in matrix form [5]:

T cosp 0 v
g| = [sine 0 M (1)
%) 0 1

where v is overall linear velocity of robot, w is overall angular velocity of robot, x, y are position
coordinates in global coordinate system and ¢ is orientation angle the mobile robot.

For implementation and control reasons, it is often required to control the robot by wheel’s linear
velocities vg, vy, instead of the linear and angular velocity of the robot v, w. The transformation

between velocities is
vr| |1 L v @)
v | |1 —% wl|’

where L is distance between wheels. Also, usually is better to use wheel angular velocities wg,
wr,, the transformation have simple form
VR
3

] =

|

O3
SO
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where r is radius of the wheel. Contra, it is possible to convert the angular velocities of right
and left wheel wg, wy, to overall linear and angular velocity of mobile robot v, w as

Rl i @

B. Dynamic model of mobile robot for partial moments of inertia

The dynamic model describes the mass m and moment of inertia J for individual parts of
the robot as engines, wheels and chassis. The equation of the dynamic model in general can be
written as [1]

Mn+Vn = Br, 5)

where M is matrix of the moments of inertia, V' is a matrix of coriolis forces, B is matrix of
input, 7 is matrix of motors torques, which are calculated as 7 = rF’, m. is mass of chassis and
Jyw is the moment of inertia of each driving wheel with a motor about the wheel axis. These
matrices can be expressed as

2
T L T L?
Tz(m —J) w T *2( m +J)
v=| .’ f ™)
—%m dw
B = [O J : ®)
. Q.R WR TR
= |8 = = . 9
=[] = o] = | ®
The robot’s overall mass m and moment of inertia J are calculated as
mo = Me+ 2My,, (10)
L2
J = mcd2+mw7+‘]c+2']ma (11)

where m,, is the mass of each driving wheel with engine, .J. the moment of inertia of the chassis
about the vertical axis through the centre of mass and .J,,, is the moment of inertia of each driving
wheel with a motor about the wheel diameter. The distance between the origin of mobile robot’s
coordinate system P and centre of robot’s mass 7" is marked as d.

The mobile robot’s dynamic model equation (5) needs to be expressed in form where the outputs
of the model are the robot’s overall linear and angular velocity. By using the transformation (4)
and substitution of equations (4) it is possible to rewrite (5) as [2]

J 2
J wR—i—%—i—% —s—%mcdw@L = TR, (12)
J 2
Jowr, + ? - %w — %mcdeR =Tr. (13)
The equations (12), (13) can be rewritten more convenient form as
2Jw . . 5 1
(m + T—z)v—mcdw = ;(TR-"-TL), (14)
2 L
(J+ o 55w )w+mcdwv=§(TR—TL). (15)

The dynamic model of mobile robot represented by (14), (15) is used to create the simulation
model of mobile robot with differential chassis. To have inputs of mobile robot defined as wheel
angular velocities, it is required to incorporate the internal control loop that will also suppress
the influences of dynamics.
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C. Internal feedback control loop to suppress the influence of dynamics

Internal feedback control loop have to suppress the influences of dynamics and the control
objective is to minimize difference between the desired wrycr/rrey and actual wr,; angular
velocities of the right/left wheel. The actuators, wheel motors generate traction forces based and
the forces acting on the chassis of the robot can be expressed as [5].

FR/L = Kzn : (eref/Lref - wR/L) fO’I" |Kzn . (eref/L'r‘ef - wR/L)| < Fma:py
(16)

FR/L = Fraz - Sign(eref/Lref - oJR/L) fO’I’ |K7,n : (WRref/Lref - wR/L)| > Fmama

where Wrycf/Lres i desired angular velocity right or left wheel, wg,, is actual angular velocity
right or left wheel, K, is a gain and F,,,, is maximal traction force of engines.

Putting it all together, the simulation model proposed in 2 can be implemented in Simulink
environment as shown on fig. 4. This simulation model is verified in control experiments.

t 1
o a0 (RO} SN o) | o) x) '-
omegaR A Controller Dynamics Kinematics y(t)%

s 4,0 FLO) > F 0 v() » i) 0 ;

omegal

L’.
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Convert Convert

@, (1) v, 1) v, aft) (4

Fig. 4 Simulation scheme of mathematical model of mobile robot

III. POSTURE CONTROL ALGORITHMS FOR MOBILE ROBOT

The posture control algorithms of mobile robot depends on position and the final orientation
of the robot. In presented case, the requester final orientation angle ¢ has to be zero. Input to
the control algorithm is the actual posture of robot z, y, orientation angle ¢ and position of
a reference point Z,.r, yr.s. Based on these coordinates, the algorithm calculates the distance
between the reference point and robot current position as p together with the orientation angle
error « and the heading angle error ¢ [3]. The situation and errors are depicted no fig. 5.

axis Y

axis X

Fig. 5 Schematic illustration p, §, «

The distance p is calculated as Euclidean distance between the reference and current position

pP= \/(xref —z)?+ (yref —9)?, o))

while the heading angle error § is calculated using trigonometric function
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together with the set of rules for angles

[ =tan~

If ©yey < 2 and ypcy > 0 then §
If xpey <z and yper < 0 then §
If xpcy > x then 0

1 (Yrer —¥)
(xref — ) 7

and the orientation angle error « is calculated as

a=40—p.

B+,
ﬁ_ﬂ-a
8.

(18)

19)
(20)
2n

(22)

The chosen control algorithm produces outputs as desired linear velocity v and angular velocity

w of the robot, calculated for control law [3]

where K, K>, K3 are gain coefficients.

A. Simulation experiments

= Kjipcosa,

= K2a+K1

CcoS (v sin «v

(O[ + K36)7

(23)
(24)

The control experiment includes four points A, B, C, D around the robot, their distance from
on X axis from Y axis 0.1 m. The initial position of the robot z, y is always the origin of
the global coordinate system [0 0] and starting orientation angle is ¢ = 0 rad. The experiment
depicted on fig. 6 proved that mobile robot in presented control structure was able to successfully
reach all of the points with final robot orientation angle ¢ f;nq = 0 7ad.

T
o1l trajectory to B |
' trajectory to A B
trajectory to C
trajectory to D
0.05 X Initial position I
or i
-0.05 i
D
-0.1f |
| | | | |
-0.1 -0.05 0 0.05 0.1
x[m]
Fig. 6 Behaviour of the mobile robot in control to the four different points
0.12 : :
trajectory to A
01 X Initial position
0.08 O Final position |
0.06 - B
0.04 B
0.02 B
of > i
turn
-0.02 i
-0.04 B
1 1 1 1 1 1
-0.12 -0.08 -0.06 -0.04 -0.02 0
x [ml
Fig. 7 Experiment in detail - control of mobile robot to the point A = [—0.1 0.1]
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Fig. 8 Experiment in detail - mobile robot’s linear and angular velocities

It is obvious from the experiment results shown on fig. 7 and 8 that, if the point, in this case
A = [-0.1 0.1], then linear velocity v of the robot is initially negative, which means that the
robot reverse. After a while the robot starts to turn and get to the point with desired orientation
angle ¢ = 0 rad.

IV. CONCLUSION

The article presents a mathematical model of the robot with a differential wheeled chassis, which
consists of the kinematic model, the dynamic model for partial moments of inertia together with
internal feedback control loop to suppress the influence of dynamics. The model was validated in
closed loop experiment. The posture control algorithm used in experiments was able to achieve
all reference points around the robot with desired orientation.
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